
version of April 9, 2015

Notes on

“A Greater ElectroMagnetism”

M.B. van der Mark(a) and J.G. Williamson(b)

(a)Philips Research Laboratories, HTC 34, WB-21,

Prof. Holstlaan 4, 5656 AA Eindhoven, The Netherlands
(b)Glasgow University, Department of Electronics & Electrical Engineering,

Glasgow G12 8QQ, Scotland

Contents

• Appendix I: Symmetries, Units and Representation

• Appendix II: Old MacDonald and the metric farm

• Appendix III: On reflections, rotations, conjugates, inverses and derivatives

• Appendix IV: The Dirac algebra

• Appendix V: Vacuum and Cosmology

• Appendix VI: Monopoles and the weak force

• Appendix VII: Some equations you may like to have

• Appendix VIII: Wave equations

• Appendix IX: Examples of wave functions

• Appendix X: Energy-momentum and the equations of motion

• Appendix XI: Topology and the wave equation

• Appendix XII: Legendre functions and spin

• Appendix XIII: On the (classical) spin-1
2

problem

• Appendix XIV: Dissection of Kramers’ spinors

• Appendix XV: Multiplication of multivectors using matrices

1



Appendix XV: Multiplication of multivectors using ma-
trices

The multiplication of two general multivectors involves 256 components, and together

with its non-commuting nature, this makes it useful to be implemented in a computerpro-

gram as a matrix multiplication.

ΨΦ = (M(Φ)~Ψ) · ~e
= (M(Φ)XY ΨY ) · eY (1)

Ψ = ΨY · eY Y ∈ { , ν, µν, κµν, 0123} (2)

If Ψ is of the form given by Eq. (??), so that s0 = φ, vν = φν , bi = φi0, etc., the matrix M

looks like this:

φ φ0 −φ1 −φ2 −φ3 φ10 φ20 φ30 −φ23 −φ31 −φ12 −φ023 −φ031 −φ012 φ123 −φ0123

φ0 φ −φ10 −φ20 −φ30 φ1 φ2 φ3 −φ023−φ031−φ012 −φ23 −φ31 −φ12 −φ0123 φ123

φ1 −φ10 φ φ12 −φ31 φ0 φ012 −φ031 −φ123 φ3 −φ2 −φ0123 −φ30 φ20 −φ23 φ023

φ2 −φ20 −φ12 φ φ23 −φ012 φ0 φ023 −φ3 −φ123 φ1 φ30 −φ0123 −φ10 −φ31 φ031

φ3 −φ30 φ31 −φ23 φ φ031 −φ023 φ0 φ2 −φ1 −φ123 −φ20 φ10 −φ0123 −φ12 φ012

φ10 −φ1 φ0 φ012 −φ031 φ φ12 −φ31 φ0123 φ30 −φ20 φ123 −φ3 φ2 −φ023 φ23

φ20 −φ2 −φ012 φ0 φ023 −φ12 φ φ23 −φ30 φ0123 φ10 φ3 φ123 −φ1 −φ031 φ31

φ30 −φ3 φ031 −φ023 φ0 φ31 −φ23 φ φ20 −φ10 φ0123 −φ2 φ1 φ123 −φ012 φ12

φ23 φ023 −φ123 φ3 −φ2 −φ0123 −φ30 φ20 φ φ12 −φ31 φ0 φ012 −φ031 −φ1 −φ10

φ31 φ031 −φ3 −φ123 φ1 φ30 −φ0123 −φ10 −φ12 φ φ23 −φ012 φ0 φ023 −φ2 −φ20

φ12 φ012 φ2 −φ1 −φ123 −φ20 φ10 −φ0123 φ31 −φ23 φ φ031 −φ023 φ0 −φ3 −φ30

φ023 φ23 φ0123 φ30 −φ20 φ123 −φ3 φ2 φ0 φ012 −φ031 φ φ12 −φ31 −φ10 −φ1

φ031 φ31 −φ30 φ0123 φ10 φ3 φ123 −φ1 −φ012 φ0 φ023 −φ12 φ φ23 −φ20 −φ2

φ012 φ12 φ20 −φ10 φ0123 −φ2 φ1 φ123 φ031 −φ023 φ0 φ31 −φ23 φ −φ30 −φ3

φ123 φ0123 φ23 φ31 φ12 φ023 φ031 φ012 φ1 φ2 φ3 −φ10 −φ20 −φ30 φ −φ0

φ0123 φ123 −φ023−φ031−φ012 −φ23 −φ31 −φ12 −φ10 −φ20 −φ30 φ1 φ2 φ3 −φ0 φ


In case φY are the unit vectors, this matrix is the sum of 16 matrices that form a represen-

tation of the algebra of 16× 16 matrices {eY } with real entries: M16(IR).

The multiplication of two arbitrary multivectors Ψ = s+ v + b+ r + t+ q yields

ΨαΨβ = Ψα · Ψβ + Ψα ∧Ψβ =
1

2
(ΨαΨβ + ΨβΨα) +

1

2
(ΨαΨβ −ΨβΨα) (3)

with

Ψα · Ψβ = s0αs0β + v0αv0β − ~vα · ~vβ +~bα ·~bβ − ~rα · ~rβ − ~tα · ~tβ + t0αt0β − q0αq0β
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+ e0(s0αv0β + s0βv0α − ~rα · ~tβ − ~rβ · ~tα)

+


e1

e2

e3

 (s0α~vβ + s0β~vα − t0α~rβ − t0β~rα +~bα × ~tβ +~bβ × ~tα)

+


e10

e20

e30

 (s0α~bβ + s0β~bα + q0α~rβ + q0β~rα + ~vα × ~tβ + ~vβ × ~tα)

+


e23

e31

e12

 (s0α~rβ + s0β~rα + v0α~tβ + v0β~tα − t0α~vβ − t0β~vα − q0α~bβ − q0β~bα)

+


e023

e031

e012

 (s0α~tβ + s0β~tα + v0α~rβ + v0β~rα + ~vα ×~bβ + ~vβ ×~bα)

+ e123(s0αt0β + s0βt0α + ~vα · ~rβ + ~vβ · ~rα)

+ e0123(s0αq0β + s0βq0α −~bα · ~rβ −~bβ · ~rα) (4)

Ψα ∧Ψβ = (5)
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